Abstract. We prove that every real number ξ 1 is the Diophantine exponent of some binary word ω. More precisely, we show that Dio(ω) = ξ for ω = 10 k1 10 k2 10 k3 · · · , where
Introduction
Let A be a finite alphabet, i.e., a finite set of symbols called letters, and let ω be an infinite sequence of elements from A. Then, ω is called an infinite word over A, any (finite or infinite) string of consecutive letters of ω is called a factor of ω, and any factor of ω starting from the first letter of ω is called a prefix of ω. For a rational number α 1, a finite word w is an α-power if there exist two words u, v, where v is a prefix of u, and a positive integer n such that w = u n v and α = n + |v|/|u|, where | · | denotes the length of a finite word. The critical exponent of a sequence ω is defined as sup{α ∈ Q | ω contains an α-power of some non-empty word}.
Critical exponents of Sturmian words and words generated by morphisms have been studied by Mignossi and Pirillo [16] , Berstel [6] , Vandeth [18] , Krieger [14] . Recently, it was proved that every real number ξ > 1 is a critical exponent of some infinite word [15] and that every real number ξ > 2 is a critical exponent of some binary infinite word [10] (see also [11] , [17] for some earlier results related to this problem).
Often, it is important to know how large the exponent of longer and longer factors of ω can be. Some authors call this quantity, defined as
where E n (ω) := sup{α ∈ Q | ω contains an α-power of some word of length n}, the index of ω. In these terms, the critical exponent of ω is sup n 1 E n (ω). It is known, for instance, that Ind(ω) 3 for each Sturmian word ω and that the constant 3 here is best possible [7] . By an old classical result of Thue, the critical exponent of the Thue-Morse word is 2, and its index is 2. See also [8] for the calculation of the critical exponent of generalized Thue-Morse words and [9] for a review on the critical exponent, index and some other characteristics of the Fibonacci word.
In some cases, it is important to know not only how large is the maximal power of the factors of length n of ω, E n (ω), but also how far from the beginning of the word ω a non-trivial power v τ , where |v| = n and τ > 1, occurs. The quantity
where the limit superior is taken over every prefix of ω of the form u n v τ n n , where u n (possibly empty) and v n are the words over the alphabet A for each n 1 and (τ n ) ∞ n=1 is a sequence of real numbers satisfying τ n 1 for n 1 and |v
This quantity was only recently introduced by Adamczewski and Bugeaud in [3] . It also appears in [2] , [5] , where it is explained (although it is not introduced explicitly) how it can be used to derive irrationality measures and [12] . See also [1] and [4] for some new interesting applications of the Diophantine exponent. Although the Diophantine exponent of a sequence has not been studied earlier, it seems that for some applications it is as important as its critical exponent, initial critical exponent (see, e.g., [7] ), index, etc.
Evidently,
for any word ω. The construction given by Currie and Rampersad in [10] is based on some perturbations of the Thue-Morse sequence. By taking a sequence of real numbers β n of the form r − t/2 s with some positive integers r, t, s such that β n < α and lim n→∞ β n = α > 2 they construct a binary sequence ω which is α-power-free but contains β n -powers for each n. In fact, it contains β n -powers of arbitrarily long words. So the main result of [10] implies that for each ξ > 2 there is a binary word ω such that Ind(ω) = ξ. Unlike critical exponent, the index of a binary word ω can also be less than 2, by a result of Entringer, Jackson and Schatz [13] .
For the Diophantine exponent of a binary sequence we prove the following: Theorem 1. Every real number ξ 1 is the Diophantine exponent of some infinite word ω over the alphabet {0, 1}.
Clearly, for an ultimately periodic sequence ω we have ω = uv ∞ , hence Dio(ω) = ∞. The converse is obviously false. Consider the word ω = 10
· is a sequence of positive integers which is increasing so fast that (k 1 +· · ·+k n−1 )/k n → 0 as n → ∞. For example, we can take k n = 2 2 n or k n = n!. Then the word ω is not ultimately periodic. Selecting u n = 10
n is a prefix of ω for each n 1 and
Hence Dio(ω) = ∞. The proof of Theorem 1 will be given in two subsequent sections.
Calculations for prefixes of a binary word with increasing gaps
We shall consider the word ω = 10
(1) with some positive integers k 1 < k 2 < k 3 < · · · to be chosen later. Suppose that uv τ with some (possibly empty) word u, non-empty word v and some real number τ 1 (which is as large as possible) is a prefix of ω. We shall consider three cases: v contains at least two occurrences of the letter (case 1
where δ = 1 if |w| k n+1 − s and δ = 0 if |w| < k n+1 − s.
Note that for δ = 1 the right hand side of (2) as a function in |w| attains its maximum in the interval [k n+1 − s, ∞) at |w| = k n+1 − s. Thus
for each n 1 and using s k n−1 , we find that |u| + τ |v| |u| + |v|
If, alternatively, δ = 0 then the right hand side of (2) as a function in |w| attains its maximum in the interval [0, k n+1 − s) at |w| = 0. Then, using (2), (3) and s k n−1 , we deduce that |u| + τ |v| |u| + |v|
In case 2, when v contains exactly one letter 1, we can write
This time, it is easy to see that
Hence, if k n − t < s, we obtain
If k n − t > s, we have
so (6) also holds. For t = k n − s, we find that
In case 3, when v contains no letters 1, we have u = 10
, where n 2, and v = 0 t . Now, |u| = n − 1 + S n−1 − s, |v| = t, where s + t k n−1 , and τ = s/t, since uv τ is a prefix of ω. Hence
because t 1 and s < k n−1 = S n−1 − S n−2 , by (3). (4), (5), (6), (7) and (8) .
Suppose first that ξ = 1. Let us take in (1) k n = n for each n 1. Then k 1 < k 2 < k 3 < · · · and the limits of the right hand sides of (4), (5), (6) , (7) and (8) are all equal to 1 as n → ∞. Therefore, Dio(ω) 1. But the Diophantine exponent of every word is at least 1, so Dio(ω) = 1.
] for each n 1, where ν > 1 will be chosen later. Then (3)). Using this, we calculate the limits of the right hand sides of (4), (5), (6), (7) and (8):
For every ξ 2, we select ν = ξ. Then, putting ν = ξ in (9)- (13), by an easy calculation, we obtain max ξ(ξ
Hence Dio(ω) ξ. On the other hand, for every n 1, u n v k n n with u n = 10 k 1 · · · 10 k n−1 1, v n = 0 is a prefix of ω and, by (11) ,
So, by the definition of Diophantine exponent, Dio(ω) ξ. This proves that Dio(ω) = ξ, as claimed.
For 1 < ξ < 2, we take ν = ν(ξ) such that
There is a unique such ν(ξ) = (−ξ + 1 + 6ξ
is positive.) As 1 < ν < 2, we see that ν
Hence, by (9)-(13), Dio(ω) ξ.
On the other hand, for every n 2, the word u n v τ n n with u n = 10 k 1 · · · 10 k n−2 1, v n = 0 k n−1 10 kn−k n−1 , τ n = 2 + k n−1 /(k n + 1) is a prefix of ω. So, using (12) and (14), we deduce that |u n | + τ n |v n | |u n | + |v n | = n + 1 + k 1 + · · · + k n−1 + 2k n n + k 1 + · · · + k n−2 + k n = n + 1 + S n + k n n + S n − k n−1 → ν(2ν − 1) ν 2 − ν + 1 = ξ as n → ∞. Also, |v τn n | = 2k n + k n−1 + 2 → ∞ as n → ∞. Consequently, Dio(ω) ξ. Combining with the reverse inequality we deduce that Dio(ω) = ξ for each ξ ∈ (1, 2) . This completes the proof of the theorem.
In conclusion, we remark that the results of Sections 2 and 3 hold for n large enough if we replace the condition k 1 < k 2 < k 3 < · · · by k n 0 < k n 0 +1 < k n 0 +2 < · · · with some integer n 0 1. Thus, in order to have Dio(ω) = ξ, we can take ω = 10 ], where ν is defined by (14) for 1 < ξ < 2, as it is stated in the abstract. Also, Ind(ω) = ∞ for each sequence (1) satisfying lim sup n→∞ k n = ∞.
